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Abstract
It is shown that the product of finitely many sequential, CLP-compact spaces is CLP-compact.
c© 2006 Elsevier B.V. All rights reserved.
The class of spaces which have the property that every cover by clopen sets – sets which are both open and closed –
has a finite subcover was introduced by A. ˇSostak in [1] under the name CB-compact. These spaces are now known as
CLP-compact spaces and it has emerged that much of the interesting behaviour of this class derives from the possibility
that the product of two topological spaces contains clopen sets which do not belong to the algebra generated by the
product of the algebras of clopen sets in each factor. Hence the productive nature of CLP-compactness poses certain
problems not occurring in the classical case. Indeed, the problem of finding weak hypotheses under which the product
of CLP-compact spaces is CLP-compact should still be considered to be open even though some progress has been
recorded. In Theorem 3.2 of [2] it is shown that the product of CLP-compact spaces of weight smaller than p is CLP-
compact provided that the clopen algebras are countably generated. Question 6.1 of [2] asks whether the hypothesis
on weight can be relaxed: For example, can the space simply be assumed to be first countable. It will be shown in this
short note that the answer is positive and, in fact, much less suffices. However, several interesting questions remain
and are listed at the end.
Definition 1. If τ is a topology on the set X then let τ clp = τ ∩ {X \ U | U ∈ τ } be the set of all sets in τ which are
clopen.
Notation 1. If (X1, τ1) and (X2, τ2) are topological spaces then τ1 ⊗ τ2 will denote the product topology on X1 × X2
— in other words, τ1 ⊗ τ2 is generated by the base {A × B | (A, B) ∈ τ1 × τ2 }.
Recall that a topological space is said to be sequential if any subset A of it is closed if and only if it contains the limit
of every convergent sequence from A.
Theorem 1. If (X1, σ1) and (X2, σ2) are compact, topological spaces and τ1 ⊇ σ1 and τ2 ⊇ σ2 are finer topologies
on X1 and X2 such that
• (X1, τ1) is sequential
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• and σ clp1 = τ clp1
• and σ clp2 = τ clp2
then (σ1 ⊗ σ2)clp = (τ1 ⊗ τ2)clp.
Proof. Let U ∈ (τ1 ⊗ τ2)clp. It will be shown that U ∈ (σ1 ⊗ σ2)clp. For any set Z ⊆ X1 × X2 and x ∈ X1 let
Zx = {y ∈ X2 | (x, y) ∈ Z }. For any A ⊆ X2 let A∗ = {x ∈ X1 | Ux = A }. It will first be shown that if A ∈ σ clp2
then A∗ ∈ τ clp1 .
To see that X1 \ A∗ ∈ τ1 suppose that x ∈ X1 \ A∗ and x belongs to the τ1-closure of A∗. Let y ∈ A	Ux . Then
(x, y) belongs to the τ1 ⊗ τ2-closure of A∗ × {y}. Moreover, A∗ × {y} ⊆ U if (x, y) /∈ U and A∗ × {y} ∩ U = ∅ if
(x, y) ∈ U contradicting that U ∈ (τ1 ⊗ τ2)clp.
To see that A∗ ∈ τ1 suppose not and use the hypothesis that (X1, τ1) is sequential to choose a sequence
{xn}∞n=0 ⊆ X1 \ A∗ such that limn→∞ xn = x ∈ A∗. In other words, Uxn = A for each n, yet Ux = A. By
restricting to a subsequence it is possible to assume that one of the following holds:
(∀n ∈ N) Uxn \ A = ∅ (1)
(∀n ∈ N) A \ Uxn = ∅. (2)
In the first case, let Dk = ⋃∞n=k Uxn \ A and, in the second, let Dk =
⋃∞
n=k A \ Uxn . Note that, since A ∈ σ clp2 and
τ2 ⊇ σ2, in either case each Dk is τ2-open.
If Case (1) it holds that there are again two possibilities to consider. The first is that each Dk is τ2-closed. Hence
Dk ∈ τ clp2 = σ clp2 for each k. Since (X2, σ2) is compact it is possible to choose z ∈
⋂∞
k=0 Dk . The fact that z /∈ A = Ux
implies that (x, z) /∈ U . However, the choice of z guarantees that there is an increasing sequence {ki}∞i=0 such that
z ∈ Uxki \ A and, hence, (xki , z) ∈ U for each i ∈ N. But limi→∞ xki = x and so limi→∞(xki , z) = (x, z) /∈ U
contradicting that U is τ1 ⊗ τ2-closed.
Hence it may be assumed that Dk is not τ2-closed for some integer k. Choose z ∈ ∂(Dk) \ Dk . Let
E =
∞⋃
j=k
{x j } × (Ux j \ A) ⊆ U
and observe that (x, z) ∈ E . To see this let V1 × V2 be a neighbourhood of (x, z). Choose m such that x j ∈ V1 for all
j > m. Note that
z /∈
m⋃
j=k
Ux j \ A =
m⋃
j=k
Ux j \ A
and hence z ∈⋃∞j=m+1 Ux j \ A. Therefore there is j > m and z∗ ∈ (Ux j \ A) ∩ V2. Hence (x j , z∗) ∈ (V1 ×V2) ∩ E .
Therefore (x, z) ∈ E . However (x, z) /∈ U because the τ2-closure of Dk is contained in the σ2-closure of Dk which is
contained in X2 \ A = X2 \ Ux .
If Case (2) it holds that a similar argument can be applied to deal with the case where Dk is closed. If Dk is not
closed let E = ⋃∞j=k{x j } × (A \ Ux j ) and note that E ∩ U = ∅. The same argument as in the first case can now be
applied.
Hence for each x ∈ X1 the set (Ux )∗ is in τ clp1 = σ clp1 . Therefore {(Ux)∗}x∈X1 is a partition of X1 into elements of
σ
clp
1 and so {(Ux)∗}x∈X1 is finite. Moreover, since U =
⋃
x∈X1 U
∗
x × Ux it follows that U ∈ (σ1 ⊗ σ2)clp. 
Observe the asymmetry of the hypothesis of the theorem: Only the first space is assumed to be sequential. This is
significant because the product of sequential spaces need not be sequential1 and so it would not be possible to use the
theorem inductively if both spaces were required to be sequential. The next corollary will illustrate this.
1 Observe that the standard example of a sequential space whose square is no sequential, the real fan with dspines, is also connected and, hence,
CLP-compact.
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Corollary 1. The product of a finite number of sequential, CLP-compact spaces is CLP-compact.
Proof. Let {Xi , τi }ni=1 be sequential, CLP-compact spaces. Proceed by induction on n, the case n = 1 being trivial.
If n > 1 then apply the induction hypothesis to get that
∏n
i=2(Xi , τi ) is CLP-compact, but perhaps not sequential.
However, (X1, τ1) is both CLP-compact and sequential and so Theorem 1 can be applied to (X1, τ1) and
∏n
i=2(Xi , τi )
to get that
∏n
i=1(Xi , τi ) is CLP-compact. 
The following questions are left unanswered by Theorem 1:
Question 1. Is the product of countably many sequential, CLP-compact spaces CLP-compact?
Question 2. Is the product of finitely many CLP-compact spaces of countable tightness CLP-compact?
Question 3. Is the product of countably many CLP-compact spaces of countable tightness CLP-compact?
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